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The first contribution is based on M-ary quadrature amplitude modulation (M-QAM) constellations 
with signal space diversity (SSD) using a single transmit and   receive antenna system in the presence 
of Rayleigh fading. Two commonly used techniques to derive an angle of rotation is investigated 
across different ordered M-QAM signal constellations to determine the optimum angle of rotation for 
this system. Thereafter a closed form expression using the nearest neighbour (NN) approach to 
quantify the symbol error rate (SER) in the presence of fading channels is presented. The diversity 
order and the signal-to- noise ratio (SNR) gap is investigated for different generalised selection 
combining (GSC) cases for an M-QAM with SSD system.  
The second contribution is based on an Alamouti coded M-QAM scheme with SSD and GSC using a 
two transmit and   receive antenna system in the presence of Rayleigh fading. A closed form 
expression using the NN approach is used to accurately derive the SER performance of an Alamouti 
coded M-QAM with single rotated SSD and GSC system. An additional level of diversity is added by 
rotating a constellation once again. Simulation results of M-QAM with double rotated SSD and GSC 
are used to compare the actual performance differences between single and double rotated SSD for 
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1. Introduction  
Technology has revolutionised the way in which the world is now connected with wireless 
connectivity becoming more prominent in recent devices. In the last decade wireless communication 
usage increased at an exponential rate leading to bottle necking of data throughput, increased 
interference and other communication shortfalls in terms of reliability and speed. 
Previously wireless communications were primarily required for less intensive, low bandwidth 
consumption such as voice calls and text messaging. Today wireless communication is employed for 
video streaming/calling, broadband internet and even gaming, all of which requires high bandwidth 
and a low latency connection.  This creates an increased requirement for enhanced, faster, more 
steadfast wireless communication systems.  
There have been many advances in different wireless communication techniques which are applied in 
communications today. Previously the global system for mobile communications (GSM) was the 
primary underlying communications infrastructure which provided low bandwidth connectivity for 
basic mobile cell-phone activity. Today, we have fourth generation (4G) mobile networks, such as the 
long term evolution (LTE) and LTE advanced networks [1] which offer high speed connectivity. New 
advances in mobile wireless communications strive for minimising power consumption and size 
whilst having an overall net improvement on communications. However, just as GSM became 
inadequate to connect the world, these new advances in LTE networks will soon be incapable of 
keeping the world connected too. This drives a constant demand for further advances in 
communications and motivates one into investigating alternative means to improve communications.  
Reducing the effects of multipath fading will result in communication improvements as multipath 
fading contributes considerably to performance reductions in wireless networks [2]. Diversity 
techniques have been applied to combat the effect of fading and increase transmission link reliability. 
One of the most popular diversity techniques which has been investigated and applied in electronic 
devices is the use of multiple signal paths via the introduction of spatial diversity. Spatial diversity has 
been at the forefront of diversity techniques for many years and has been investigated and applied to 
mitigate fading. Recent electronic devices take advantage of spatial diversity techniques such as in the 
Samsung Galaxy S5, where multiple antennas are evident [3]. Mobile receiver nodes have the 
drawback of size and power constraints being imposed upon them, allowing only a certain number of 
antennas on the device. This fuels the demand for alternative diversity techniques which balance 
power, complexity and physical receiver size.  
A simple transmit diversity technique more commonly known as Alamouti space time block coding 
(STBC) was proposed in [4] to introduce diversity into a system. It is one of the most commonly 
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applied space time block codes [5]. Alamouti makes use of transmit antenna diversity and time 
diversity in order to increase the overall diversity of a system.   
Another example of a diversity technique that offers performance improvements is known as signal 
space diversity (SSD). SSD introduces diversity into a system without the cost of additional 
bandwidth or antennas [6], hence making it a suitable diversity technique for mobile communication 
enhancements. 
The three main diversity techniques which are considered in this dissertation are spatial diversity with 
the use of generalised selection combining (GSC), SSD and Alamouti coding scheme. More details of 
these schemes will now be presented.  
1.1 Spatial diversity – Generalized Selection Combining (GSC) 
A typical signal travelling between two points which are not in line of sight, will in most cases 
experience what is known as multipath fading. This refers to the multiple paths a signal may follow 
during each transmission. Reflections, refractions, phase shifts, attenuations as well as interference all 
contribute to multipath fading. Spatial diversity is a diversity technique used to reduce the effects of 
multipath fading. 
Multiple receive and/or transmit antennas provide multiple signal paths and the probability of all 
channels experiencing a deep fade at the same time is low, therefore providing diversity. Multiple 
channel systems use this as a means to improve bit error rate (BER) and/or symbol error rate (SER) 
performance [7]. Multiple – input multiple – output (MIMO), multiple – input single – output (MISO) 
and single – input multiple – output (SIMO) are systems which apply spatial diversity. The SER 
and/or BER performance can be improved by combining signals from multiple channels [8].  
Two commonly used signal combing techniques are Maximum ratio combining (MRC) and selection 
combining (SC).  MRC involves the combination of all receive antennas and hence results in optimal 
performance but at the cost of increased detection complexity due to combining signals from multiple 
antennas whilst SC selects a single branch based on the highest instantaneous signal-to-noise ratio 
(SNR) [9]. The complexity of combining signals with MRC is relatively high and becomes even more 
complex when applied to high complexity communication networks of today, such as when applying 
MRC to the popular third generation (3G) communication technique, wide band code division 
multiple access (WCDMA). On the other extremity SC, does not fully exploit all available receiver 
diversity [7]. In order to balance performance and complexity a hybrid scheme can be applied known 
as generalized selection combining (GSC) [7, 10].  
Let   be the total available receiver antennas. In GSC a subset   denoted as    antennas are chosen 
from the highest SNR. GSC has the following terminology and is typically expressed as GSC          
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Suppose that there are   independent and identically distributed (i.i.d.) fading channels. Let    be the 
fading coefficient and    
  
  
 |  |
  be the instantaneous SNR of each     diversity branch where 
        and 
  
  
 is the SNR per symbol. Then the combined SNR using GSC can be written as [10]. 
     ∑   
  
          (1) 
GSC can result in SC or MRC depending on the value of   . Due to the complexity drawback of 
MRC, GSC appeals as a more efficient solution to combat fading.   
1.2 Signal space diversity (SSD)  
The idea of rotating a signal constellation was first proposed in [11]. Rotated constellations form the 
basis of SSD which involves rotating a signal constellation about a certain angle. The rotation of a 
signal constellation is important in SSD, but the diversity which is gained can only be realised after 
the signal points have been component interleaved. These two operations exploit the inherent 
diversity of signal constellations.   
A conventional M-ary quadrature amplitude modulation (M-QAM) signal constellation is rotated by a 
certain angle. Constellation rotations makes the system more immune to deep fading as no two points 
will collapse at the same time as stated in [6]. This is illustrated in the Fig.1 below and can be seen 
that if fading does occur, unlike the non-rotated constellation, the rotated constellation’s four points 
each have different in – phase (real) and quadrature – phase (imag) components.      
 
Fig. 1 :  SSD diagram for 4-QAM [6] 
Each constellation is rotated by a certain angle. The purpose of rotating is to achieve the maximum 
number of distinct components in the new rotated signal constellation [6], as this will ensure 
maximum performance in terms of SER. Two dimensional SSD has a maximum attainable diversity 
order of two [6]. In order to achieve diversity, is it assumed that no fading correlation between the in-
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phase and quadrature components occur and this is achieved through the addition of component 
interleaving and de-interleaving before and after transmission respectively [12].  
One of the benefits of exploiting SSD is that it does not require any additional bandwidth, 
transmission power or antennas. It does however require a more complex maximum Likelihood (ML) 
detector at the receiver.  In [6], it was shown that the performance of a rotated constellation in a 
fading channel can perform as good as a non-rotated constellation in a pure additive white Gaussian 
noise (AWGN) channel. This shows that SSD focuses on combating the effects of fading. SSD results 
in a diversity order of two for 16-QAM [6]. Due to the many advantages of employing SSD, it has 
made its way into current communication standards which are being used today such as in the digital 
terrestrial video broadcasting system (DVB-T2) [13].  Conventional DVB-T2 applies a single rotation 
to achieve a maximum attainable diversity order of two with SSD.   Further rotations have been 
applied in [14] to further increase the diversity of SSD. There is no limit on how many rotations one 
can have in SSD, but with each rotation an additional level of interleaving is required and hence a 
more complex detector will need to be used at the receiver. However, the BER/SER performance 
improvements will not be significant.  According to [14], a new attainable diversity of four is 
achieved with the addition of a second rotation and interleaving/de-interleaving process. This was 
applied to increase the performance of digital terrestrial video next generation handheld (DVB-NGH). 
However, current literature does not present any analytical solution for double rotated constellations.  
Rotational matrixes are applied to rotate the signal constellation. In [15], a complex matrix was 
applied whilst the most common matrix type still remaining the real matrix as can be viewed in [16, 
17]. For the purpose of this dissertation a real rotational matrix will be applied for all constellation 
rotations given by [16]. 
               *
        
         
+       (2)  
where   is the rotational angle.  
Different optimal angles have been applied depending on the system model. In [18], two methods 
were considered for rotation angle. The design criterion as defined in [18] which is based on 
maximising the minimum Euclidean distance (MED) is a popular technique used to derive an optimal 
angle [18, 19]. The maximising of the minimum product distance (MPD) approach is an alternative 
criterion used to evaluate an optimal angle of rotation [18, 20].  
SSD performance has been evaluated using various methods. Two of the most common evaluation 
methods which have been applied are the union bound and the nearest neighbour (NN) approximation. 
The union bound was applied in [6, 17, 20 - 23] whilst the NN approach was applied in [5, 16, 24].  
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Alternative performance evaluation techniques include the recently applied multiple sphere lower 
bound (MSLB) and multiple sphere upper bound (MSUB) approximations [25,26].  
This dissertation applies SSD to an M-QAM constellation as a method to improve diversity. 
1.3 Alamouti coding scheme 
The Alamouti coding scheme was first presented in [4], as a means to introduce transmit and time 
diversity for wireless communications. The scheme consists of two transmit antennas and one 
receiver. This is a typical MISO system which utilises two channels for transmit antenna diversity. 
Furthermore a coding scheme proposed by Alamouti in [4], encodes the symbols to further improve 
performance of the system. The conventional Alamouti scheme is as follows. 
 
Fig. 2: Alamouti coding scheme 
It is assumed that during each pair of time slots the fading remains constant with full channel state 
information (CSI) available at the receiver. Suppose two symbols will be transmitted     and    where 
both symbols are elements of a M-QAM signal constellation set with   |  |
      |  |
    . 
Transmitting these symbols using Alamouti coding results in the follows during time slot   and    . 
The Alamouti combining scheme which is presented in [4] is applied before a conventional ML 
detector is used to estimate the symbols. Details of the transmit sequence can be viewed in Table 1. 
Table 1 : Alamouti transmit sequence 
 
Time  TX 1 TX 2  
T       
T+t    
    
  
where      represents the complex conjugate operator. 
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Alamouti provides an extremely useful method to improve SER/BER performance as it achieves 
double the receive antenna diversity without the addition of any receive antennas [4]. Similar to SSD, 
an Alamouti coding scheme requires the addition of an ML detector at the receiver, which brings one 
to recognise that combining an Alamouti coding scheme to SSD will result in both using the same ML 
detector and therefore not increase physical hardware requirements.  
Performance evaluation of Alamouti coding is fairly simple to evaluate as it is mathematically 
equivalent to a single transmit antenna system with two receive antennas and half the transmit power 
[4]. This approach can be extended to an Alamouti coded M-QAM system with MRC to be 
mathematically equivalent to an MRC system with    receive antennas where   is the available 
receive antennas using half the transmit power.  
2. Motivation and Research Objective  
In [16, 17], M-QAM with SSD and MRC was presented and evaluated using the NN approach. 
However, [16] did not provide a closed form solution, but this was remedied in [17], where the union 
bound and NN was investigated and presented a closed form solution for M-QAM with SSD and 
MRC. Alamouti coded hierarchal modulated QAM with SSD was presented in [5]. As previously 
mentioned MRC has the drawbacks of high complexity, therefore motivating a suboptimal combining 
scheme choice known as GSC. M-QAM with SSD and GSC has not been presented in current 
literature. This motivates an investigation of an analytical closed form SER expression for M-QAM 
SSD using GSC.  
Optimal angles of rotation have been researched in [17, 18, 20], different angles were considered 
dependent on the SSD system. In [18], the frame error rate (FER) for signal space cooperative 
communication was compared for two angles derived from the MED and MPD approach. Current 
research presents the importance of each criterion. However a direct comparison for the SER of M-
QAM with SSD and GSC reception has not been presented for the different optimal angles. A direct 
comparison between the two primary techniques to derive an optimal angle will be presented.  
The advantages of combining Alamouti STBC with other diversity techniques is significant and hence 
it has already been applied with SSD in [27] and this approach was extended for hierarchal modulated 
M-QAM with SSD in [5]. To the authors’ best knowledge the SER of Alamouti coded M-QAM with 
SSD and GSC has not been investigated, revealing an avenue yet to be discovered. A closed form 
solution for an Alamouti coded M-QAM with SSD with GSC will be presented.  
SSD with two rotations has been previously researched in [14] but this has not been investigated with 
Alamouti coded M-QAM or with GSC at the receiver. This motivates one to apply a second rotation 
and interleaving process on an Alamouti coded M-QAM with SSD and GSC system.  The SER 
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improvements as well as the difference between a single and double rotated SSD in an Alamouti 
coded system will be presented.  
 
 
3. Contributions of included papers  
All research has been covered in detail in two papers which are presented in Part II. The details of the 
papers are as follows:  
3.1 Paper A 
A. Essop and H. Xu, ―Symbol Error Rate of Generalized Selection Combining with Signal Space 
Diversity in Rayleigh Fading Channels,‖2014  
In paper A, M-QAM with SSD and GSC reception is presented. The NN approach is implemented 
and used to evaluate a closed form expression for the SER of M-QAM with SSD and GSC reception.   
The SER for different optimal rotation angles is also presented. The diversity gain of SSD with GSC 
is analysed for GSC and found to be related to the total number of receive antennas. The SNR gap 
power relationship between SC and MRC and hence GSC is also analysed, giving one a visual 
representation of the physical performance that is realised when using GSC and changing from SC to 
MRC.  All findings presented are confirmed via simulations and can be viewed in paper A.  
3.2 Paper B 
A. Essop and H. Xu, ―Alamouti Space-Time Coded M-QAM with Signal Space Diversity and 
Generalized Selection Combing in Rayleigh Fading Channels,‖ Symbol Error Rate of Generalized 
Selection Combining with Signal Space Diversity in Rayleigh Fading Channels‖, 2014  
In paper B, Alamouti M-QAM with SSD with GSC is investigated. Making use of the approach in 
paper A, paper B will expand this approach to include the SER of Alamouti coded M-QAM with SSD 
and GSC.  A closed form expression for the SER is presented. The MGF for the fading coefficient of 
Rayleigh fading is used to evaluate the closed form SER solution. The use of a second rotation on an 
Alamouti coded M-QAM with SSD and GSC is investigated. The simulated performance is compared 
directly to an Alamouti M-QAM with SSD and GSC system.  The simulation results is analysed and a 





4. Future Work  
The first paper presents the SER performance of an M-QAM system with SSD and GSC reception 
whilst in the second paper, the SER performance of Alamouti coded M-QAM with SSD and GSC is 
investigated.   
Both papers can be adapted to include a GSC switching algorithm which alters the value of    
depending on the current SNR level. This is an interesting addition to the systems. The application of 
double rotated SSD has been discussed in previous literature, but to date no analytical solution has 
been presented, providing a further avenue of research.   
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This paper concerns M-ary quadrature amplitude modulation (M-QAM) with signal space diversity 
(SSD) in Rayleigh fading channels and generalised selection combining (GSC) reception at the 
receiver.  The symbol error rate (SER) performance of SSD for different optimal rotation angles is 
firstly investigated. Secondly a theoretical SER expression in Rayleigh fading channels for M-QAM 
with SSD and GSC is derived. The theoretical approximation for GSC reception is confirmed via 
simulations. Thereafter, the diversity gain of M-QAM with SSD and GSC is also analysed. Finally the 
signal-to-noise ratio (SNR) gap of M-QAM with SSD is investigated between selection combining 




















A.1. Introduction  
Over the last decade there has been a substantial increase in the number of wireless devices that utilise 
wireless connectivity with a large bandwidth. This drives a demand to improve wireless 
communications. In wireless communications, multipath fading is one of the main factors contributing 
to a decrease in bit error rate (BER) and/or symbol error rate (SER). The application of diversity into 
a wireless communication system can play a role in improving SER and/or BER performance [1].  
The use of rotated signal constellations known as signal space diversity (SSD) results in a diversity 
known as  modulation diversity being added into a wireless communication system to improve BER 
or SER performance [2, 3]. SSD can be thought of as a conventional M-ary quadrature amplitude 
modulation (M-QAM) constellation, rotated by a certain angle. Rotating the constellation would allow 
any two constellation points to achieve a maximum number of distinct components (constellation 
coordinates) [2, 3]. With the addition of component interleaving each of the components is affected by 
independent fading [3, 4]. As a result SSD offers superior immunity to noise as no two points will 
collapse at the same time [2, 3].  
Receiver diversity can also be used to improve BER or SER performance. Receive diversity 
effectively provides multiple signal paths. This particular diversity technique takes advantage of the 
low probability that deep fading is unlikely to occur simultaneously on all signal paths [1]. Maximal 
ratio combining (MRC) and selection combining (SC) are two commonly used techniques which take 
advantage of multiple paths [5]. MRC offers superior performance at the cost of high implementation 
complexity since the receiver needs to estimate and combine all paths. SC has a much lower 
implementation complexity since the receiver only needs to estimate all paths and select one path, but 
the low complexity of SC results in poorer performance. To tradeoff between performance and 
complexity a hybrid selection combining scheme can be used [1]. This hybrid selection combining 
scheme more commonly known as generalized selection combining (GSC), is typically applied to 
offer simplicity instead of optimal performance. In GSC, a subset of receive antennas are selected 
based on each receiver path’s signal-to-noise ratio (SNR). This subset is then combined using MRC.  
GSC is typically expressed as GSC         where   is the total number of receive antennas and    is 
the number of receive antennas which are being combined           . GSC will result in MRC when 
     and similarly SC when     .   
Implementing SSD together with receiver diversity can further improve BER or SER performances 
when compared to a single receive antenna SSD system. Receive diversity techniques with SSD were 
previously considered in [6]. SSD with MRC reception in Rayleigh fading channels was presented in 
[6]. MRC has higher resource requirements when compared to SC, such as power consumption and 
processing speeds. GSC allows for MRC to be used when required or a suboptimal choice between 
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MRC and SC. This makes GSC more feasible, as it allows the user to select an option to favourably 
use the available resources. For example in portable applications, battery capacity can be a weak 
point. A system which applies a variable GSC, depending on bandwidth load or signal strength can 
save significant battery power and other system resources.   
GSC is a generalized combining scheme to trade-off between performance and complexity. To the 
authors’ best knowledge M-QAM with SSD and GSC has not been discussed in literature. This 
motivates us to investigate the SER performance of M-QAM with SSD and GSC reception in this 
paper.  
In a SSD system, the BER or SER depends on the rotation angle of the constellation points. This 
paper focuses on two previously applied methods to derive an optimal rotation angle, namely the 
minimum product distance (MPD) and the design criterion [6, 7]. In this paper the design criterion 
refers to the criterion of minimum Euclidean distance (MED) on the compound constellation. In [7], 
there is no discussion or direct comparison to show us which optimal rotation angle has better BER or 
SER performance. The first contribution of this paper is a more direct comparison of the above two 
methods with simulation results to support the choice of rotation angle. BER or SER of M-QAM with 
SSD and MRC reception has been discussed in [6, 8].The second contribution of this paper is to 
extend the approach in [6] to derive a closed form expression for the SER of M-QAM with SSD and 
GSC reception, which has not been presented in literature.  
A comparison between different methods can help one to decide which method best suits an 
application. It is vital to know the BER or SER performance difference between the two extreme 
cases of GSC, as this will allow one to correctly apply a blend between SC and MRC. Diversity 
analysis between the two extreme cases would theoretically provide insight on the performance 
difference. There has not been any recent work on the diversity analysis of SSD with MRC and SC. 
Should the diversity analysis result in no change, it then becomes important to analyse the signal-to-
noise (SNR) gap between the two extreme cases. 
Previous work showing the SNR gap between SC and MRC for conventional M-QAM has been 
presented in [9]. However, [9] did not provide any claims as to how SSD would influence this 
relationship. This also motivates us to present a diversity and SNR gap investigation for M-QAM with 
SSD and GSC.  
The paper is organised as follows: a system model will be presented in section A.2. In section A.3 the 
optimal rotation angles derived from design criteria and product distance criteria are discussed and 
presented. The theoretical SER performance is derived in section A.4. In section A.5 the diversity 
gain and SNR gap are analysed. Simulation results and discussions are presented in section A.6. 
Finally section A.7 draws the conclusion of the paper.  
17 
 
A.2. System Model  
We consider a two dimensional M-QAM SSD system as shown in Fig. A. 1, [6]. The information bits 
are firstly mapped to two conventional M-QAM symbols. These two M-QAM symbols are then 
rotated. Finally the rotated M-QAM symbols are interleaved prior to transmission. These can be 
mathematically expressed as follows: let the original constellation and the rotated constellation be 
denoted by   and X, respectively.  The rotated M-QAM symbols are given by. 
      
                              (A.1) 
where           [  
      
 
] and          [  
      
 
].      and       are the in-phase and quadrature 
components of a signal, respectively, and the rotating matrix    is given by [6]. 
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+                                     (A.2) 
A pair of M-QAM rotated symbols is interleaved prior to transmission. A typical pair of interleaved 
symbols is given by. 
     
     
 
       (A.3.1)                                                                                
                                   
     
     
                                                 (A.3.2) 
The interleaved symbols             are transmitted in two subsequent time slots by a single 
transmit antenna over    receive antennas. Each symbol is transmitted at different time slots; however 
a pair of symbols needs to be received prior to retrieving the sent symbols due to the interleaving, as 
de-interleaving is required.    
Let the received symbols at antenna   at time slot   be denoted by    , where         ,        .      
can be given by 
                                                (A.4)        
where     is the additive white Gaussian noise (AWGN) with distribution          .     is the 
fading amplitude of the channel which can be modelled according to the Rayleigh distributed random 
variable with distribution given by Equ. (A.5). 
        (   )  
   
  
   ( 
   
 
   
)                                   
where   [    
 ]       .      
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We assume that full channel state information is available at the receiver. Maximum likelihood (ML) 
detection is performed after the interleaved pair is successfully de-interleaved.  At the receiver GSC is 
used to estimate the transmitted symbol. A summary of the system can be viewed in Fig. A. 1. 
 
Fig. A. 1 : Summary of System Procedure 
 
A.3. Optimal Angle of Rotation  
Since the SER performance of the above system varies with the rotation angle, an optimal angle has to 
be found for optimal SER performance. The purpose of finding an optimal angle is to maximise the 
diversity which is gained from SSD. An optimal rotation angle can be determined by either 
maximising the MPD [2, 7, 10] or by the design criterion [7]. The optimal angles derived from the 
above two techniques are different. It is therefore necessary to determine which method and thus 
angle will result in superior performance for M-QAM with SSD system. 
Current literature discusses the importance of each method used to determine an optimal angle [2, 7, 
10]. The angles which have been applied in previous literature vary depending on the system and what 
the author wished to optimise. In [7], the authors showed that the MPD would result in superior 
overall performance whilst the other option results in maximising the coding gain. It is important to 
establish which method best suits the SER performance for M-QAM with SSD system. This section 
will first provide information regarding the derivation of both optimal angles. The difference in SER 
performance when using both optimal angles will be presented, along with how constellation size 
influences this difference.  
The design criterion is based on rotating the constellation at an angle which ensures that every point 
has different in phase and quadrature components. The design criteria approach is based on 
maximising the MED of the expanded constellation [10, 11]. This is done by analysing the geometry 
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of the constellation and deriving an angle at which the MED is maximised. The basic concept of the 
design criterion method [7] is to ensure that each component is uniquely spaced out from each other. 
 
Fig. A. 2: 4-QAM Constellation to derive angle using design criteria to maximise MED. 
Consider the rotated 4-QAM constellation in Fig. A. 2. The Euclidean distance between the real 
components of points A to B and A to C are given by     and   , respectively. Due to symmetry by 
optimising this distance, all other distances are optimised. The system is optimized when         .   
An equation which represents the above criteria can be written as [10] follows. 
             {     (        )}                         (A.6) 
Based on the above approach, the optimal angles for M-QAM can be derived and are shown in Table 
1- [10]. The alternative method to determine the optimum angle is by maximising the MPD, which is 
given by Equ. (A.7) [2,11,12]. 
            ,          |(  
    
 )(  
    
 
)| -         (A.7) 
The optimal angles which arise from the MPD can also be derived and are also shown in Table A. 1.   
 





Design Criteria Approach       
     (Degrees) 
Minimum Product distance approach  
    (Degrees) 
4-QAM 26.5624 31.7 
16-QAM 14.035 31.7 
64-QAM 7.1250 31.7 




Fig. A. 3 : Simulation results for optimal angle using the two criterions 
Fig. A. 3 shows the simulation results for M-QAM with SSD using a single receive antenna and the 
optimal angles derived from the MPD and the MED approach. The MPD criterion and MED are 
distinguished by the dotted and solid line, respectively.  
Both the design criterion MED and MPD criterion exhibit an almost identical SER performance curve 
for 4-QAM. However, for 16, 64 and 256-QAM, the preferred optimal angle is the angle derived from 
MPD. Thus the MPD angle of 31.7 degrees will be used for all constellation sizes. As mentioned in 
[2], the optimisation angle of 31.7 degrees optimises the diversity which is gained. The results also 
depict that as the constellation size increases the SER performance difference of the system when 
applying each of the two angles increases. This becomes more prominent at higher M-QAM 
constellation sizes and at high SNR, where the difference in the two methods amounts to a SNR gap 
of approximately 6 dB 
 
A.4. Performance Analysis  
The SER performance of SSD systems has been investigated in previous work. The union bound and 
pairwise error probability (PEP) are used as techniques to evaluate the SER performance of rotated 
constellations in [11].  In [13], the sphere lower bound is used to evaluate the performance of rotated 
constellation lattices. The authors in [14] presented a combinatorial geometrical approach based on 




































4QAM SSD - PD-31.7
4QAM SSD -  DC-26.6
16QAM SSD - PD-31.7
16QAM SSD - DC-14.0
64QAM SSD - PD-31.7  
64QAM SSD - DC-7.12
256QAM SSD - PD-31.7
256QAM SSD - DC-3.58
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parallel-type geometry to evaluate the performance of SSD and [15] extends this approach to 
multidimensional lattices. The nearest neighbour (NN) approach is used to evaluate the SER of 
component interleaved rotated constellations with MRC reception in [8]. Similarly to [8] the NN 
approach was also used to evaluate the BER of hierarchical modulated QAM with SSD in Nakagami-
m fading channels with MRC reception in [11]. Due to the complexity of this system, the NN 
approach will be implemented in this paper to evaluate SER performance. This approach considers the 
nearest points to that of the test point. These nearest points are the immediate perpendicular 
neighbours and diagonal neighbours.  This makes the theoretical equations simpler to evaluate, with 
negligible loss in accuracy [11]. 
 
Fig. A. 4: Un-rotated constellation for 16-QAM               Fig. A. 5: Rotated constellation for 16-QAM 
Consider Fig. A. 4.1 and Fig. A. 4.2 above, for 16-QAM, the points can be grouped into three 
categories: the four points at the corners      (the square points), the eight points on the sides 
     (the diamond) and the centre four points         the star points). Based on the NN approach the 
SER for 16-QAM can be written as follows [11] 
     
       
 
 
          
 
 
          
 
 
                   (A.8) 
where                                      are the error probabilities of incorrectly estimating the 
corner, centre or side point immediate neighbours, at the respective locations shown in Fig. A. 4.2. 
Each of the above points will have immediate diagonal and perpendicular neighbours. Based on the 
NN approach only the closest perpendicular and diagonal points will be considered for the SER. Table 






Table A. 2: Nearest Neighbours 
 
Points Diagonal neighbours Perpendicular neighbours 
Side 2 3 
Centre 4 4 
Corner 1 2 
Suppose that    is the transmitted symbol in Fig. A. 5. The nearest received symbols to    are the 
perpendicular          , and diagonal   . Based on                        and the NN 
approach the SER for rotated 16-QAM can be given as [6, 8-11] 
     
      
                                        (A.9) 
where            and            are the probabilities of an error occurring due an incorrect 
detection of a nearby perpendicular and diagonal point, respectively. The coordinates of     and     
from Fig. A. 4 and Fig. A. 5 can be given by 
          * 
        
         
+      (A.10.1) 
          * 
        
         
+         (A.10.2) 
Then the Euclidean distance between   ,    and   ,    can be evaluated as follows. 
    
       
            
            (A.11.1)       
    
       
                
             (A.11.2) 
where            are two different fading channels.                
Given            as that fading amplitudes that the in-phase and quadrature components experience, 
the conditional PEP of choosing     given that     was transmitted is given by [16].   
 [       |      ]   . √
    
 
   
/      (A.12) 
where      is the Gaussian Q function. 
Substituting Equ. (A.11.1) and Equ. (A.11.2) into Equ. (A.12) results in the following.   
 [       |       ]   .√ 
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where            
  and       (   )
 
.  
The error probability          can be obtained by averaging the conditional PEP in Equ. (A.13) 
over the independent fading for GSC reception as shown in Equ. (A.15). 





          (  )         (A.15)  
where             are the probability density functions (PDF) for GSC in Rayleigh fading channel 
given by Equ. (A.16) from [5, Eq. 9.325]. 
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The trapezoidal approximation of the   function [11], is used to simplify the above analysis and is 
given by 
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where     
  
  
 and n is the upper limit for the summation. 
The definition of a moment generating function (MGF) is given by [5]. 
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The MGF for GSC in Rayleigh fading channels can be found in [17] and [5, Page 383 Equ. 9.321]  
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where the average SNR   ̅         [  ],      denotes expectation. 
Using Equ. (A.13) and simplifying Equ. (A.15) with the   approximation Equ. (A.17), results in the 
following. 
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Using Equ. (A.19), the error probability can be further simplified as. 
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(A.21) 
where       . 
Similarly,             is derived as 
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(A.22)  
 
A more general expression for GSC M-QAM SSD can be written as. 
     
                                              (A.23) 
where               vary with each M-QAM constellation and are tabulated in Table A.3. 
Table A. 3:  Values for               
 
Constellations           
4 - QAM 2 1 2 
16 - QAM 3 2.25 10 
64 - QAM 3.5 3.0625 42 
256 - QAM 3.75 3.5156 170 
 
   is the average expected energy per symbol and this is calculated based on the M-QAM 
constellation size. The values for     and    are the numbers which relates to the constellation size. 





A.5. Diversity Order and SNR Gap  
Diversity analysis gives an indication of the diversity of a system. The amount of diversity a 
communication system possesses effects the overall SER/BER performance of a communication 
system. The diversity order has not been analysed for M-QAM with SSD system in current literature.  
Thus this section will trace the analysis of diversity and SNR gap between the extreme cases of GSC 
which is SC and MRC.  
This paper shown that GSC (    ) achieves the same diversity order as MRC for conventional M-
QAM due to the diversity analysis. However the SER performance of GSC is worse than MRC [9]. 
There is in fact an SNR gap between GSC and MRC even in conventional M-QAM. The SNR gap 
between SC and MRC in Nakagami-m fading channels has been investigated in [9]. However, it has 
not commented on the SNR gap between SC and MRC for M-QAM with SSD. In this section the 
same approach proposed in [9] will be used to investigate the SNR gap for M-QAM with SSD.         
A.5.1. Diversity Order  
Consider that the fading is identically distributed with the same fading parameters and the same 
average SNR  ̅ for all    channels. For the purpose of this paper the diversity gain for the extreme 
cases will be derived. The extreme cases are      and     , which are the SC and MRC case, 
respectively.  The diversity order   of a communication system can be defined as the slope of its error 
probability         in log-scale at values where the SNR tends to infinity [18], which can be 
calculated as follows [18] 
      ̅  
        ̅  
     ̅ 
                            (A.24) 
  When      , GSC becomes SC and the PDF of SC in Rayleigh fading is given by [5]: 
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+       
  
   
 ̅                      (A.25) 
The SER is largely dependent on the MED. Since most errors are caused by only the perpendicular 
closest neighbour and not the diagonal neighbour at high SNR the SER performance of M-QAM are 
greatly affected by the nearest neighbour. Therefore for diversity analysis, the SER can be simplified 
so that it only considers SER introduced by           .   
This above assumption is validated in Fig. A. 6 and Fig. A. 7. In Fig. A. 6 the dotted line represents 
the theoretical SER which takes into account both            and            for that of an 
arbitrary M-QAM system, while the solid line represent the same SER expression, but with the 
assumption that               . Fig. A. 6 and Fig. A. 7 illustrates this assumption for 4 and 256-
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QAM SSD respectively, each applying GSC with             . The difference in SNR when 
considering the diagonal neighbours and when neglecting the diagonal neighbours is only 0.5 dB 
whilst operating at 97.5 dB Fig. A. 7 illustrates the same effect for that of 256-QAM SSD.  
This translates to an accuracy error for 4-QAM and 256-QAM of        as can be seen in                     
Equ. A.26.1 and Equ. A.26.2 respectively.  
   
  
                                         (A.26.1) 
                                      
   
    
                                 (A.26.2)         
The difference of        remains constant at all high SNR values for all M-QAM. This validates the 
above statement, that at high SNR values the diagonal immediate neighbour has a negligible effect on 
performance. Since the diversity gain is analysed when the SNR tends to infinity the need for 
considering            is negligible.  
 




Fig. A. 7: SNR difference between using full SER expression or            only for 256-QAM 
The SER is simplified by neglecting the effects of             .  Based on the Chernoff bound of 
the   function found in [19], Equ. (A.15) can be approximated as: 
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Substituting  Equ. (A.25) into Equ. (A.27) results in the following: 
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This can be simplified as follows  
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So the SER approximation for 16-QAM which neglects the effects of the diagonal points is as follows 
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Using the definition of the diversity order in Equ. (A.24) we have the diversity order of SC as 
        ̅  
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             (A.31) 
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When       , GSC becomes MRC and the PDF of MRC in Rayleigh fading is given by [5]: 
     




 ̅           
                              (A.32) 
Similar to the diversity order derivation of SC we find the diversity order of MRC to be: 
         ̅  
   [           
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     ̅ 
                  (A.33) 
Considering the results of the diversity analysis we see that both MRC and SC have the same result. 
This is due to the SER difference becoming negligible as the SNR approaches infinity. This means 
that the diversity which is gained between SC and all GSC cases will always be the same, as proved 
by the extreme cases of SC and MRC as GSC is based on combining a subset of receivers, whilst 
MRC is based on combining all available receivers.  
It becomes important to perform a SNR gap analysis between the two extreme cases of SC and MRC 
to provide insight on the performance differences between SC and MRC and hence GSC. The extreme 
cases resulted in a diversity order of     each. In the next subsection the SNR gap between SC and 
MRC will be derived.  
A.5.2.   SNR Gap   
An SNR gap is defined in [9] as the difference in SNR or power that is required for that of SC and 
GSC to achieve the same SER when the diversity order is the same. At high SNR this gap will be 
constant since the slope of the SER for both SC and MRC/GSC is invariant. This paper will derive 
and discuss the SNR gap for SC and MRC. Adopting the approach proposed in [20], the SNR gap, can 
be determined by the following expressions 
         ̅          ̅         (A.34) 
where    is the SNR gain. 
                                              (A.35) 
Similar to the diversity order analysis of section A.5.1, we only consider the errors introduced by the 
perpendicular point errors. The exact SER equation presented in this paper is of high complexity and 
hence a closed form approximation is used to solve for the SNR gap. An approximation of the   
function shown in Equ. (A.36) [21], will be used to derive the SER of               which 
corresponds to the extreme cases of GSC. 
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Using the PDF of SC (25) and the   approximation Equ. (A.36) to simplify Equ. 
(A.15) results in the following. 
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(A.37) 
where   
 
  
             
 
  
      . 
Using the same SER approximation which neglects the effects of the diagonal points and evaluating 
the integral above Equ. (A.37), gives 
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Similarly we have: 
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By comparing the terms found in Equ. (A.38) and Equ. (A.39) a simplification can be made.      
  
can be compared directly to    
  and the same applies to     
  with    
 . This simplification can be 
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Using basic mathematics, from Equ. (A.40) the value of    can be determined as 
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The same result was obtained in [20]. This proves that the SNR gap is not related to the rotation angle 
or constellation size.  Thus the SNR gap between a rotated and non-rotated constellation will be equal. 
Since the SC–MRC SNR gap is angle independent, the SNR gap for other cases of SC–GSC SNR gap 
is also. Hence a more general expression for the SNR gap between SC and GSC can be simplified for 
Rayleigh fading channel directly from [20]: 
              
  
 
             
              (A.43) 
where       .  
The above expression provides the SNR gap for any SC to GSC system for different values of   . In 
[20], the result was derived for non-rotated constellations, but since Equ. (A.42) for the MRC case 
proved the derivation to be angle independent, Equ. (A.43) can be used directly for other GSC values 
for rotated constellations. Furthermore (A.43) does not contain any angle or constellation size 
dependent variables; this concisely proves the above statement.   
Equ. (A.42) is verified by comparing simulation results with the expressions evaluation. Similarly 
Equ. (A.43) is also verified by simulation results. Both figures can be viewed in the results section.  
 
A.6. Results  
The aim of this section is to validate the theoretical derivations produced in this paper by means of 
simulations. The SER performance for rotated constellations of 4, 16, 64 and 256-QAM, at the 
optimal angle of      , for                     is presented. Please note the extreme cases of 
MRC and SC at the extreme ends of GSC is also presented in the results, i.e.      and     .  
The full SER expression given by Equ. (A.23) is graphed for each case above and compared to 
simulation results. This will be a means to verify the mathematical expression as well as compare how 
good the system performs compared to what we would expect.  
The simulated SNR gap of SC and MRC, is presented, to verify Equ. (A.42). The SNR gap between 
SC and MRC for         is verified in the results section via simulations. Thereafter the SNR gap 
for SC and GSC (         will be graphed for values of       to verify Equ. (A.43). The SNR 
gap provides more insight as to the performance compromise when switching from MRC to a specific 
GSC case. It would allow one to visualise the gain/loss in performance as the    value is increased or 
decreased.  
The SER simulations were performed over independent and identically distributed (i.i.d) Rayleigh flat 
fading channels with AWGN and perfect channel estimation at the receiver.   
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A.6.1 SER of M-QAM with SSD in Rayleigh fading  
 
Fig. A. 8: SER - 4-QAM SSD with GSC in Rayleigh fading channel 
 
Fig. A. 9: SER - 16-QAM SSD with GSC in Rayleigh fading channel 
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Fig. A. 10: SER - 64-QAM SSD with GSC in Rayleigh fading channel 
 
Fig. A. 11: SER - 256-QAM SSD with GSC in Rayleigh fading channel 
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Fig. A. 8 - Fig. A. 11 shows the simulated and theoretical SER performance of SSD systems with 
    and different    values for 4, 16, 64, and 256-QAM, respectively. All exhibit a small difference 
in performance between the simulation results of the SER and the theoretical SER at low SNR values 
(SNR < 17 dB). If more than a single bit error occurred this will still count as a single SER and hence 
a slight difference in the theory vs. simulations at low SNR values. At medium to high SNR the 
theoretical SER and simulation SER, for M-QAM in all GSC cases, closely overlap each other. This 
difference becomes more prominent as the constellation size increases because higher order 
constellations produce a greater number of errors at low SNR values and hence in practical 
applications the lower SNR values are seldom used, making the difference at lower SNR values 
unimportant. .  
Also noticed is a performance improvement as    increases from SC to MRC. By utilising a GSC 
scheme a designer can use this information to decide on a suitable    value for a device.  
A.6.2 SNR gap relationship 
The theoretical SNR gap using Equ. (A.42) and Equ. (A.43) are compared to actual simulation results. 
Due to the fact that the SNR gap is constellation size independent, the simulation results are only 
analysed for a 16-QAM constellation size at the optimal angle of      degrees.  
Fig. A.12 shows the results for the SNR gap which has been derived in section A.5.2. From Fig. A 10 
one can observe that the simulation results closely overlap the theoretical results, confirming that the 
relationship is true.  As the number of receive antennas is increased the SNR gap between SC and 
MRC will increase at the same rate for M-QAM with and without SSD. The simulations were 
performed at a constant SER of     , for that of SC and MRC and the dB difference is calculated and 
graphed for different number of receive antennas. At high SNR values the SER will be very small, 
thus making it hard to simulate. The relationship which was derived in section A.5.2 holds when the 
SNR is substantially large (SER is low at high SNR). It is then that the SER of SC and MRC will be 
parallel to each other and hence a constant SNR gap between them. Due to computational 





Fig. A. 12: SNR gap for different   values  (MRC- SC) 
 
Fig. A. 13: SNR gap for different    values at       
A non-linear curve representing the SNR gap between SC and MRC can be observed in Fig. A.12. 
From the graph one can observe that when   2 the SNR gap is 1.5 dB but when   5 the difference 
is 4.1 dB  
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Fig. A.13 illustrates the SNR gap for different    values when L=5 and L=3. This is to verify that 
Equ. (A.43) from [20] is correct. As can be seen the SNR gap increases as    increases. The graph 
gives a visual representation of the SNR gap which is gained when switching from SC to GSC and 
then to MRC. As can be seen the relationship is a curve which has the least SNR gap gains when    
approaches  . For example with   5 and      there is an increase in the SNR gap of 2.4 dB from 
that of          . But when      there is an increase of 0.2 dB from that of     . This is 
useful information as one is able to realize that even though MRC is the best performing, it might not 
be worth the extra complexity. 
 
A.7. Conclusion  
The use of GSC on a SSD system is presented in this paper as a possible method to improve reliable 
communication. The SER performance of SSD using GSC with   receive antennas is derived in 
Rayleigh fading based on the nearest neighbour approach. A closed form solution based on the MGF 
function was presented in this paper.   
The relationship between applying GSC         - SC or GSC        - MRC is derived and 
proved to be positively related to the number of receive antennas. Similarly the power gain between 
SC and MRC and hence SC and GSC are presented in this paper and proved to be positively related to 
the number of receive antennas. GSC proved to be useful as illustrated by the SNR gap curve and the 
small increase in performance as    approaches  . This was demonstrated by the small increase in 
SNR gap as     approaches  . The scheme presented in the paper proved to be successful as it is 
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This paper presents Alamouti coded M-ary Quadrature amplitude modulation (M-QAM) with single 
and double signal rotated space diversity (SSD) and generalized selection combining (GSC) in 
Rayleigh fading channels.  The symbol error rate (SER) performance of M-QAM with Alamouti 
coded single SSD and GSC is derived and presented in this paper. A moment generating function 
(MGF) approach is used to simplify a closed form SER expression. The use of double rotated 
constellations is also investigated. Simulations of Alamouti coded SSD with single and double 




















B.1. Introduction  
The demand for enhanced wireless communications is perpetually increasing at an exponential rate as 
new devices utilise large quantities of bandwidth and often require a low latency connection to 
maintain services such as high quality video calls. Improved wireless communication systems are 
therefore required and the reduction in symbol error rate (SER) can lead to better communication 
links. This can be achieved by combating the effects of multipath fading via the introduction of 
diversity into a communication system [1, 2].   
There are various methods to introduce diversity into a system. The use of multiple-input multiple-
output (MIMO) systems is a common method employed to increase spatial diversity. Spatial diversity 
provides multiple replicas of the same signal travelling through uncorrelated channels [3].  
Multiple receive antennas are typically combined using three popular techniques namely: maximal 
ratio combining (MRC), selection combining (SC) and generalized selection combining (GSC) [1, 4]. 
MRC combines the signals from all receive antennas and is hence the best performing of the three 
methods. This comes at the cost of high detection complexity. SC involves choosing the best receive 
antenna based on the greatest signal-to-noise ratio (SNR). It has the lowest detection complexity and 
results in the poorest performance. GSC selects    out of   branches based on largest SNRs and then 
combines these signals. GSC offers a solution between the two extreme cases: MRC (      and SC 
(      [1]. GSC is generally expressed as GSC       , where          .  
A two- branch transmitter diversity system, Alamouti space-time block coding  (STBC), was 
proposed in [5]. Alamouti (STBC) requires the use of two transmit antennas and two time slots [6, 7]. 
An advantage of employing Alamouti (STBC) is in the addition of transmit diversity without any 
physical impact on the size and power requirements of receivers. For the purpose of this paper 
Alamouti coded M-QAM will be abbreviated as Alamouti coded M-QAM.  
Signal space diversity (SSD) is another diversity technique which can be applied without sacrificing 
bandwidth or power [7]. Furthermore SSD does not require additional antennas or physical hardware. 
It involves rotating a signal constellation about a certain angle [7, 8]. Single rotated SSD was 
considered in [6, 8, 9, 10] as a method to improve SER or bit error rate (BER) performance. SSD is 
not only confined to single rotated constellations therefore leading to double rotated constellations 
being investigated. In [11], a double rotated SSD system was considered to provide communication 
advances in digital terrestrial video next generation handheld (DVB-NGH) by improving the BER 
performance.             
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Alamouti space-time block coded modulation with SSD was previously considered in [6] and [9]. 
Alamouti space-time block coded hierarchal modulation with SSD and MRC is presented in [6] whilst 
Alamouti space-time block coded conventional modulation with SSD and MRC is presented in [9].  
To the authors’ best knowledge Alamouti coded M-ary quadrature amplitude modulation (M-QAM) 
with SSD and GSC has not been discussed in current literature. This motivates us to investigate the 
SER performance of Alamouti coded M-QAM with single rotated SSD and GSC reception. 
Additionally Alamouti coded M-QAM with double rotated SSD and GSC reception will be 
investigated and its performance compared with its single rotated SSD counterpart.  
This paper will be organized as follows: Alamouti coded M-QAM with single rotated SSD and GSC 
reception is presented in section B.2, Alamouti coded M-QAM with double rotated SSD and GSC is 
presented in section B.3. Section B.4 will provide simulation results and section 5 will conclude the 
paper, followed by appendix B1 and B2 in section B.6.  
 
B.2. Alamouti coded M=QAM with single rotated SSD and GSC  
The first system model considered in this paper is Alamouti coded M-QAM with single rotated SSD 
and GSC reception.   
B.2.1  System model  
Both single rotated SSD and Alamouti coded conventional M-QAM require two time slots to transmit 
and receive two symbols [5, 7].   
In order for SSD to be realised in an Alamouti coded system, four symbols will need to be transmitted 
during four time slots [6, 9].  Alamouti coded M-QAM with SSD requires the assumption that during 
each pair of time slots the fading remains constant, i.e. over time slot  pair one (time slot 1 and 2) and 
over time slot pair two (time slot 3 and 4) while different time slot pairs will experience independent 
fading.  Two modulated symbol pairs will be transmitted across the two transmit antennas during each 
pair of time slots. 
 For the purpose of this analysis we assume that full channel state information (CSI) is available at the 
receiver. At the receiver GSC will be used to combine the signals according to the value of   . A 




Fig. B. 1: Summary of system procedure. 
Let the original data symbols and the rotated symbols be denoted by X and S, respectively.        
Define the rotational matrix     as [12] 
   *
         
         
+          (B.1) 
where   is the rotation angle. 
Applying Equ. (1) with      the rotated points    can be written as 
         
  ,                           (B.2) 
where    is angle of rotation,          [  
      
 
] and         [  
      
 
],      and      are the in-
phase and quadrature components of a signal, respectively. 
The rotated symbols will be component interleaved as follows. 
      
        
 
,      {   }        (B.3.1)                                                                                              
      
        
 
,   {   }          (B.3.2) 
Let   represent the time slot and     represent the conjugate of a variable. Applying Alamouti coded 
modulation on the interleaved signals results in (  ,  ) and (    
 ,  
 ) being transmitted in the first 
pair of time slots (        ) while (  ,  ) and (    
 ,  
 ) being transmitted in the second pair of 
time slots (       ).  Each pair will be transmitted using two transmit antennas and received by   
receive antennas.  
Let   ,   and   represent the time slot pair, transmit antenna and receive antenna numbers respectively, 
where                   and        . Each receive antenna will receive data through a 
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frequency flat fading Rayleigh channel with additive white Gaussian noise (AWGN) with 
distribution    {   }.  
The received signals at receive antenna   during time slots         and time slot pairs          are 
given below. 
  
    
        
        
       (B.4.1)                                                                                                                                    
  
     
     
    
     
    
      (B.4.2)                                                                                     
  
    
        
        
       (B.4.3)                                                                                     
  
     
     
    
     
    
      (B.4.4) 
where   
  is the received signal during time slot   at receive antenna  .    
  
,   
     
  (    
  
), 
represents the channel fading coefficient between transmit antenna   and receive antennas    during 
time slot pair  .  The amplitude (  
    of the fading coefficient follows the Rayleigh distribution and  
  
  
 is uniformly distributed over       .   
 ,    
    
      
   
 is the AWGN. 
Since GSC is considered in this paper the received signals for    branches are now combined using 
GSC techniques and the combining scheme given by [5, 6]. 
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Component de-interleaving will be performed between the time slot pairs as per Equ. (B.6.1) and Equ. 
(B.6.2) 
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Similar to [6], maximum Likelihood (ML) detection is used to estimate the transmitted symbols using 
the decision rule provided in [5]. The estimated symbols [1:4] will be given by   ,         . 
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where      
         ,        ∑ |  
  |
 
         ̂  [ ̂ 
     ̂ 
 
]        ,         , and          
SSD requires an M-QAM constellation to be rotated at a specific angle to achieve optimal 
performance in terms of SER. There are two commonly used techniques to derive this angle namely 
the minimum product distance approach and the minimum Euclidean distance approach [13]. The 
minimum Euclidean distance approach is based on maximising the minimum Euclidean distance 
between points and this is done by analysing the geometry of the constellation itself. The minimum 
product distance approach is based on maximising the minimum product distance. It has been shown 
that the minimum product distance approach results in superior overall performance [7, 13, 14]. This 
system will apply an optimal angle of            degrees derived using the minimum product 
distance approach given by Equ. (B.8) [7]. 
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 )(  
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B.2.2  Performance analysis  
The SER of Alamouti coded M-QAM with SSD was previously evaluated by applying the nearest 
neighbour (NN) approach with ML detection in [15]. In [9], the NN approach was used to evaluate the 
SER of a SSD system.  Alamouti coded hierarchical modulated M-QAM with SSD was evaluated 
using the union bound NN in [6]. The authors in [16] present the exact SEP in AWGN of 
multidimensional signal sets using two closed form bounds namely: multiple sphere lower bound 
(MSLB) and multiple sphere upper bound (MSUB), whilst this approach was extended over fading 
channels in [17]. 
This paper will consider the NN approach to evaluate the SER of Alamouti coded M-QAM with SSD 
and GSC. The NN approach only considers the nearest perpendicular and diagonal points from that of 
any other point in the constellation. A similar approach was implemented, in [6, 10].  
In [14], it was proved that an Alamouti two transmit antenna diversity system is mathematical 
equivalent to a conventional MRC system with a single transmit antennae using half the transmit 
power and double the receive antenna number. This section uses this relationship to evaluate the SER 
of this system.  
Let the SER of an Alamouti coded M-QAM with SSD and GSC be denoted by           and a 
conventional M-QAM with SSD and GSC be denoted by          . A relationship between the two 
has been derived in [5] and is represented below in Equ. (B.9). 
             
 
 
                    (B.9)  
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where   is the instantaneous SNR. 
The SER of 16-QAM Alamouti coded SSD will be derived with aid of the relationship presented 
above in Equ. (B.9). This relationship will be used to evaluate the SER of this system. This system 
will be analysed as if it were a single transmit antenna system with double the    and   values and 
half the instantaneous SNR value. For a single transmit antenna system with SSD, the SER 
performance can be analysed with the assumption that the in-phase and quadrature components 
experience amplitude fading only.  
Let    
  
  
 (   
  )
 
  be the instantaneous SNR for     branch. Then the average SNR for     branch 
is given by  ̅       , where    is the symbol energy. In this paper we only consider independent 
and identically distributed (i.i.d.) channels, therefore we have  ̅   ̅. 
The probability density function (PDF) for Alamouti coded M-QAM with GSC in Rayleigh fading 
channels has been adapted from [[4], Eq. 9.325] for Alamouti coded M-QAM by applying the 
relationship presented in Equ. (B.9). 
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Similarly a moment generating function (MGF) for GSC in Rayleigh fading channels presented in 
[18] and [[4], Page 383 Eq. 9.321] has been adapted using Equ. (B.9) and is presented below.  
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Fig. B. 2: Rotation of 16 QAM by angle   
 
An example of a single rotated constellation can be viewed above in Fig. B 2 where  and  represent 
the rotated and un-rotated points of 16-QAM, respectively. Similar to [15], the points in Fig. B 2 can 
be divided into three categories: the four corner pints,       (triangles), the eight points on the sides, 
     (circles) and the centre four points        (squares).  
Using the NN approach found in [3, 6, 9], the SER for Alamouti coded 16-QAM with SSD and GSC 
can be simplified as follows. 
     
                                            (B.12)  
where            is the probability of error of incorrectly detecting immediate perpendicular points 
and            is the probability of error of incorrectly detecting immediate diagonal points.  
Based on the derivation presented in [[10], Equ. (8),(12)]. The following equations are derived in 
Appendix B1. 
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where            
  and       (   )
 
.           are the channel gains that both the in phase 
and quadrature components experience. For 16-QAM,     





By averaging the pairwise error probability (PEP) over independent fading channels,              
can be evaluated with the following integral  





          (  )               (B.14) 
where             represent the PDF for Alamouti coded M-QAM with GSC, Equ. (B.10).  
Simplifying Equ. (B.14) using an MGF function results in the following expressions, details can be 
viewed in Appendix B2.  
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where    
  
  
 and   is the upper limit of the summation,    is the average expected energy per 
symbol with the values of 2, 10, 42, 170 for 4/16/64-QAM respectively.       
   ,       
   , 
             , and              .   
Similarly for              , we have  
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(B.16) 
Substituting Equ. (B.15) and Equ. (B.16) into Equ. (B.12) results in the SER of Alamouti coded 16 
QAM with SSD and GSC. 
     
    
  
                                (B.17) 
where              and              is given by Equ. (B.15) and Equ. (B.16),  respectively.    
is the number of perpendicular immediate neighbours.   is the number of diagonal immediate 





B.3. Alamouti coded M-QAM with double rotated SSD and GSC 
The system model of Alamouti coded M-QAM with double rotated SSD and GSC is presented in this 
section. 
Double rotated SSD, consists of two rotations and two interleaving processes. For the purpose of this 
paper both rotations will be implemented using        degrees (               . For squared M-
QAM,, all rotation angles are 31.7 degrees and from a theoretical point of view it is still optimal. This 
will be performed using the same rotational matrix presented in Equ. (B.1) with       A summary 
of this system can be viewed in Fig. B 3.  
 
Fig. B. 3: Summary of Alamouti coded SSD with double rotation and GSC reception system 
The first rotation procedure will follow directly from section B.2.1 but with eight symbols and 
transmitted during eight time slots.  Let the original data symbols and rotation no.1 symbols be 
denoted by        . The rotated points can be computed using Equ. (B.1) with    . 
         
 ,             (B.18) 
where   is the symbol number,          [  
      
 
] and         [  
      
 
]. 
The first interleaving process can be written as follows. 
        
        
 
              {       }                                 (B.19.1)                                                               
      
          
 
         {       }                        (B.19.2) 
The interleaved data is then rotated with an angle of        for the second rotation.. Expanding the 
rotated data will result in the following 
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      and            
A second interleaving process is required. 
       
        
 
                           (B.21.1)                                                                       
      
       
 
                                                   (B.21.2) 
The symbols are transmitted using Alamouti coding and follows the same approach as [5],  which was 
adapted for Alamouti coded M-QAM with single rotated SSD in section B.2.  
Let   ,   and   represent the time slot pair, transmit antenna and receive antenna numbers respectively, 
where                   and        . Similar to Equ. (B.4.1) to (B.4.4), we have the 
following set of equations which represents each received signal during time slots          at each 
receive antenna  .  
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 is the AWGN,    
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Similar to Equ. (B.6.1) to (B.6.4) , Alamouti coded M-QAM with  double rotated SSD and GSC, is 
combined as follows 
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where    
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   .. 
In double rotated SSD only the second interleaving is recoverable and therefore one de-interleaving 
process is applied before ML detection.  
   ̌      
          
 
              (B.24.1)                                                                     
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                  (B.24.2) 
Due to the first interleaving process in double rotated SSD each pair of interleaved symbols remains 
related to each other.  Consequently joint ML detection will be employed at the receiver in order to 
retrieve the sent data of each interleaved pair resulting in two symbols being estimated at a time. Joint 
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ML detection is based on estimating two symbols at the same time,  ̂        ̂ . For example            
will be estimated using  ̂   and   ̂  respectively.  
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B.4. Simulations  
This section will provide information pertaining to the SER performance improvements which are 
realised when Alamouti coded M-QAM is combined with SSD and GSC. Monte Carlo simulations are 
used to validate the theoretical SER expression of Alamouti coded M-QAM with single rotated SSD 
and GSC. Thereafter the SER of Alamouti coding with 0, 1 and 2 rotation SSD and GSC is also is 
also presented.  
All simulations are conducted in i.i.d. Rayleigh fading channels in the presence of AWGN as per the 
system model. It is assumed that full CSI is available at the receiver and that all antennas are 
sufficiently spaced apart to avoid any correlation between channels.   
Diversity analysis gives an indication of the diversity of a system. The amount of diversity a 
communication system possesses effects the overall SER/BER performance of a communication 
system. The diversity order has not been analysed for M-QAM with SSD system in current literature.  
Thus this section will trace the analysis of diversity and SNR gap between the extreme cases of GSC 
which is SC and MRC.  
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This paper shown that GSC (    ) achieves the same diversity order as MRC for conventional M-
QAM due to the diversity analysis. However the SER performance of GSC is worse than MRC [9]. 
There is in fact an SNR gap between GSC and MRC even in conventional M-QAM. The SNR gap 
between SC and MRC in Nakagami-m fading channels has been investigated in [9]. However, it has 
not commented on the SNR gap between SC and MRC for M-QAM with SSD. In this section the 
same approach proposed in [9] will be used to investigate the SNR gap for M-QAM with SSD.         
B.4.1. Alamouti coded M-QAM with single rotated SSD and GSC SER performance 
This subsection compares the theoretical expression derived in Equ. (B.17) to simulated performance 
of Alamouti coded 4/16/64-QAM with single rotated SSD and GSC for different values of    when 
   . 
 
Fig. B. 4: SER of Alamouti coded 4-QAM with 1 rotation SSD and GSC - simulations vs. theory.                 
 



































4QAM SSD 1 R + Alamouti (Lc=1) 
4QAM SSD 1 R + Alamouti (Lc=2) 
4QAM SSD 1 R + Alamouti (Lc=3) 
4QAM SSD 1 R + Alamouti theory (Lc=1) 
4QAM SSD 1 R + Alamouti theory (Lc=2)




Fig. B. 5: SER of Alamouti coded 16-QAM with 1 rotation  SSD and GSC - simulations vs. theory 
  
Fig. B. 6: SER of Alamouti coded 64-QAM with 1 rotation SSD and GSC - simulations vs. theory 
The simulated performance of Alamouti coded M-QAM with single rotated SSD (denoted by   ) and 
GSC closely match the theoretical expression derived in Equ. (B.17). These results can be viewed in 
Fig. B 4 to Fig. B 6 for 4, 16 and 64-QAM, respectively. It is observed that an error in simulated vs. 




































16QAM SSD 1 R + Alamouti (Lc=1) 
16QAM SSD 1 R + Alamouti (Lc=2) 
16QAM SSD 1 R + Alamouti (Lc=3) 
16QAM SSD 1 R + Alamouti theory (Lc=1) 
16QAM SSD 1 R + Alamouti theory (Lc=2) 
16QAM SSD 1 R + Alamouti theory (Lc=3) 



































64QAM SSD 1 R + Alamouti (Lc=1)  
64QAM SSD 1 R + Alamouti (Lc=2)
64QAM SSD 1 R + Alamouti (Lc=3) 
64QAM SSD 1 R + Alamouti theory (Lc=1) 
64QAM SSD 1 R + Alamouti theory (Lc=2) 
64QAM SSD 1 R + Alamouti theory (Lc=3) 
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theoretical performance exists, for all M-QAM simulations when     . It is also observed as more 
receive antennas are combined for      , this error between theory and simulated performance 
reduces significantly. The worst case error in predicted performance compared to actual performance 
amounts to a mere 0.2 dB at a SER of      when         At high SNR values such as 20 dB, the 
error in predicted performance vs. actual performance translates to an error of approximately      
therefore becoming negligible.  This verifies that the theoretical SER expression derived in Equ. 
(B.17) is extremely accurate in predicting the performance of Alamouti coded M-QAM with SSD and 
GSC.  
B.4.2. Alamouti coded 4-QAM with 0, 1 and 2 rotation SSD using GSC with a constant 
number of receive antennas 
This subsection will present the SER simulated performance for Alamouti coded 4-QAM with 
double/single and no rotated SSD with GSC reception. These results are compared to each other when 
the number of receive antennas remain constant with      but with different GSC cases (different 
values of   ).  
The diversity order of M-QAM with SSD and GSC is constellation size independent [19] as illustrated 
by the constant SNR gap between           and           at a SER of      in Fig. B 4 to Fig. B 6 
for different M-QAM. Therefore only 4-QAM will be used to show SER performance improvements 






Fig. B. 7: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD and          . 
 
Fig. B. 8: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD and          . 



































4QAM SSD 0 R + Alamouti (Lc=1) 
4QAM SSD 1 R + Alamouti (Lc=1) 
4QAM SSD 2 R + Alamouti (Lc=1) 



































4QAM SSD 0 R + Alamouti (Lc=2) 
4QAM SSD 1 R + Alamouti (Lc=2) 




Fig. B. 9: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD and          . 
It is observed in Fig. B 7 to Fig. B 9 that Alamouti coded 4-QAM with single rotated SSD and GSC 
offers better SER performance when compared to Alamouti coded M-QAM with GSC only. Similarly 
Alamouti coded 4-QAM with double rotated SSD and GSC outperforms Alamouti coded M-QAM 
with single rotated SSD and GSC. As illustrated by the trend of  Fig. B 7 to Fig. B 9, the first rotation 
results in a larger performance improvement of approximately 2.6 dB whilst a second rotation adds  
approximately 1 dB, following the same trend and speculating a third rotation will provide less than 1 
dB performance enhancement and therefore will not be feasible for such a system. However, 
Alamouti coded M-QAM with double rotated SSD and GSC does offer advances in SER performance 
which can be realised in this system.  
B.4.3. Alamouti coded 4-QAM with 0, 1 and 2 rotation SSD using GSC with a varying number 
of receive antennas 
In section B.4.2 the SER performance is investigated for single SSD, double SSD and different   . It 
can be seen that the SER performance not only depends on receive diversity, but also depends on 
signal diversity. This subsection investigates how to choose signal diversity and receive diversity if a 
target SER is required.   
 



































4QAM SSD 0 R + Alamouti (Lc=3)
4QAM SSD 1 R + Alamouti (Lc=3) 




Fig. B. 10: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD and           
 
Fig. B. 11: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD and           




































Alamouti Coding No SSD (Lc=L=1) 
SSD 1 rotation + Alamouti (Lc=L=1) 
SSD 2 rotation + Alamouti (Lc=L=1) 




































Alamouti Coding No SSD (Lc=L=2)
SSD 1 rotation + Alamouti (Lc=L=2)




Fig. B. 12: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD and              
Fig. B. 10 shows that the addition of single and double rotated SSD to an Alamouti coded scheme 
when       ,  results in an improvement of approximately 10 dB and 12 dB respectively. Whilst 
in Fig. B  12 when       , the  performance improvement amounts to approximately 2.5 dB and 
3.5 dB respectively.  
A key observation is the SER performance of Alamouti coded 4-QAM with double rotated SSD with 
      , provides the same performance as Alamouti coded 4-QAM with        from Fig. B 
11 and Fig. B 9 respectively. The use of Alamouti coded M-QAM with double rotated SSD provides 
the same level of diversity as adding an extra receive antenna to an Alamouti coded M-QAM with 
single rotated SSD. The addition of a double rotated constellation to an Alamouti coded M-QAM with 
SSD and GSC system does increase the detection complexity due to the joint ML detector being 
applied, however it can result in similar performances as it’s single rotated SSD counterpart with an 
extra receive antenna. This means that detection complexity can be increased in order to decrease 
physical hardware requirements such as receiver antennas in order to achieve a desired SER 
performance. In mobile applications this particular result is important as for mobile devices size, 
weight and cost are always minimised. To conclude when less than three receive antennas are used at 
the receiver, the use of double rotated SSD will provide a reasonable SNR performance improvement. 
As the receive antennas are increased this performance improvement decreases substantially. The use 
of a double rotated constellation can be used as means to provide further diversity to an Alamouti 




































Alamouti Coding no SSD (Lc=L=3)
SSD 1 rotation + Alamouti (Lc=L=3) 
SSD 2 rotation + Alamouti (Lc=L=3)
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coded M-QAM with SSD and GSC system at the cost of added complexity but at the reduction of 
physical antenna requirements.  
 
B.4.4. Alamouti coded 4-QAM with 0, 1 and 2 rotation SSD using SC and MRC with L=3 
receive antennas.  
This section presents the simulation results for 4-QAM SSD with single and double rotation using SC 
and MRC reception. The purpose of this figure is to show the performance differences between the 
two extreme cases for single and double rotated SSD. 
 
Fig. B. 13: 4-QAM- SER of Alamouti coded 0,1 and 2 rotation SSD with SC and MRC 
As expected the MRC case provides better SER performance compared to that of SC for both single 
and double rotated SSD. However the actual SNR dB performance improvements which are realised 
when implementing a second rotation is the same increase for both the SC and MRC as can be seen in 







































4QAM SSD 0 R + Alamouti (Lc=1,L=3) 
4QAM SSD 1 R + Alamouti (Lc=1,L=3) 
4QAM SSD 2 R + Alamouti (Lc=1,L=3) 
4QAM SSD 0 R + Alamouti (Lc=3,L=3) 
4QAM SSD 1 R + Alamouti (Lc=3,L=3) 
4QAM SSD 2 R + Alamouti (Lc=3,L=3)
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B.5. Conclusion  
The use of Alamouti transmit antenna diversity with GSC receiver diversity was applied on a rotated 
constellation as a method to improve the SER. The SER performance of this system was derived for   
receive antennas in Rayleigh fading channels based on the NN approach. An MGF function was used 
to approximate a closed form solution for the SER of Alamouti coded M-QAM with single rotated 
SSD and GSC.  The overall performance of this multiple diversity system outperforms single diversity 
systems. The simulation results closely matched the closed form theoretical expression found in Equ. 
(B.17). Alamouti coded M-QAM with double rotated SSD and GSC simulations proved to outperform 
its single rotated equivalent system. Double rotated SSD can be used as means to introduce additional 
diversity without the addition of physical antennas but at the cost of additional computational 
complexity due to the joint ML detector.  
The use of GSC with MIMO systems proved to be successful, especially when combined with SSD.. 
Alamouti coded M-QAM with SSD and GSC has many applications and can be applied to easily 















B.6.1  Appendix B1 
Based on Fig. B 2, the rotation matrix (B.1) and the original constellation’s points results in the 
following:  
   [                     (                  )]   (B.26.1)   
   [                    (                 )]   (B.26.2)  
Using equation (B.26.1) and (B.26.2), the Euclidean distances can be computed as follows:  
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              (B.27.2) 
Given            the conditional PEP of choosing     given that     was transmitted is given by [15, 
19]. 
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where      is the Gaussian Q function,           are the channel gains and     
  is the Euclidean 
distance between points    and   .    is the noise variance given by  
 . 
Using Equ. (B.27.1) and simplifying Equ. (B.28) results in   
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Defining the     
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Equ. (B.30) can be rewritten as  
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where            






Similarly we have  
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B.6.2 Appendix B2 
A closed form SER will be evaluated using an MGF function. An MGF is defined as follows [4] 
         ∫      
 
 
            (B.29) 
A trapezoidal approximation for the Q function found in [6] presented below. 
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where    
  
  
 and   is the upper limit of the summation. 
Substituting Equ. (B.30) into Equ. (B.13.1) and using this result into Equ. (B.14) results in the 
following: 
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Simplifying the expression in Equ. (B.31) with Equ. (B.29) results in Equ. (B.15) 
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where       
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Performance of wireless communications is enhanced via individual diversity techniques and further 
improvements can be realised by exploiting the benefits of combining multiple diversity techniques.  
SSD with spatial diversity provides a substantial level of diversity making it more resilient to 
multipath fading and improving SER performance. The content of this dissertation presents 
communication schemes which improve the SER. Paper A, introduced M-QAM with SSD and GSC at 
an optimum rotation angle whilst paper B expanded this approach to incorporate Alamouti coding 
scheme.  
In paper A, an M-QAM system with SSD and GSC in Rayleigh fading was investigated. A closed 
form solution was presented and this was successfully validated via simulations. Rotation angles for 
SSD were researched and two previously discussed methods to derive an optimal angle were 
compared to each other with aid of simulations. An optimum angle derived by maximising the 
minimum product distance resulted in optimal performance. A diversity analysis revealed that the 
extreme cases of GSC when   = 1 and     , both provide the same level of diversity as the SNR 
tends to infinity however there exists a small SNR gap between different GSC (different    values). It 
was proved that although MRC is the best performing, the dB in SER performance gained between 
each    step from SC to MRC, becomes increasingly smaller, therefore validating the use of GSC. 
This phenomena was further researched with the presentation of the SNR gap between different    
cases when   remains constant. The results revealed a mere 0.2 dB gain between switching from 
GSC(     to GSC      (MRC with       ), questioning the application of the most complex 
MRC and increasing motivation for the use of less complex high performing GSC.   
Paper B, is an extension of paper A and includes an additional diversity compared to the system of 
paper A. Alamouti coded M-QAM was applied to the system presented in paper A.  The closed form 
theoretical expression closely matched the simulated performance of the system, validating the 
performance of Alamouti coded M-QAM with SSD with GSC for single rotation. Alamouti coded M-
QAM with double rotated SSD and GSC was also investigated. Simulation results revealed a 
substantial gain in performance when applying two rotations. It was found that an Alamouti coded M-
QAM with double rotated SSD and GSC            performed the same or better than an 
Alamouti coded M-QAM with single rotated SSD with GSC           , providing an additional 
level of diversity without the addition of more receive antennas but at the addition of detection 
complexity. 
In conclusion the work presented in this dissertation provides insight into new approaches to improve 
wireless communications reliability in terms of SER performance and the aim to enhance wireless 
communications was successfully fulfilled.   
